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Abs tract 


The  problem  of  expanding  a  function  of  bounded 
variation  in  terms  of  the  eigenfunctlons  of  a  certain  non- 
self-adjoint  differential  system  is  considered.   In  pre- 
vious investigations  of  this  type,  restrictions  were  im- 
posed which  we  have  eliminated,  and  consequently  our 
results  differ  strikingly  from  the  earlier  ones. 
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Introductlon 

In  solving  certein  chaxstcteristic  boundary-value  problans  by  the  method 
of  separation  of  variables'-  -' ,  the  problem  arose  of  expanding  an  arbitrary  function 
f  (x)  in  terms  of  the  eigenfunctions  of  the  equation  (A«-\B)u  =  0,  where  A  is  a 
second-order  and  B  a  first-order  differential  operator.   In  this  paper  we  consider 
a  special  case  of  this  problem,  namely  the  following: 
Expand  a  function  f (i)  in  terms  of  the  eigenfunctions  of  the  equation 

(I.l)  u"+  q(x)u  +  \(p(x)u  -  u  )  =  0, 

where  u(0)  =  u(l)  =  0,  There  has  been  a  long  series  of  investigations  concerned 
with  the  corresponding  self-adjoint  problem  for  the  equation  (A  -  X)u  =  0,  which 
often  occtirs  in  connnection  with  the  boundary-value  problems  of  mathematical  physics. 
However,  the  problem  we  are  concerned  with  here  does  not  seem  to  have  been  consider- 
ed  previously.  F.  Browderl- -•  has  considered  the  eigenfunctions  of  A  +  \B  where  A 
and  B  are  gener©,l  partial  differential  operators,  but  he  has  always  assumed  that 

B  is  positive-definite.  We  shall  show  that  the  lack  of  definlteness  in  B  gives 

[3l 
rise  to  peculiar  results  in  the  expansion  theorem.  E.E.  linger  "--^  has  considered 

the  expansion  theorem  for  the  following  equation,  which  is  similar  to  (I.l;  : 
u"  +  I  p^^X  +  Pi  J  u'  +  I  PggX^  +  P21X  +  P20J  u  =  0  . 

This  equation  of  course  reduces  to  (I.l)  if  we  put 

^10  =  ^22  =  °'  Pll  =  -^'  P21  =  P*  ^20  =  'I- 

2 

However,  Langer  in  his  paper  made  the  assumption  that  the  roots  of  r  +  p,^r  +  ?££  ~  ^ 

were  distinct  and  non-vanishing.  For  (I.l),  it  is  clear  that  r  =  0,  r  =  +1,  and  hence 


A  detailed  treatment  of  this  expansion  problem  and  related  questions  has  been  given 


by  Titchmarsh' 
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Langer'a  conditions  do  not  apply.  In  fact,  the  results  we  shall  oTatain  are  strik- 
ingly different  from  those  of  Langer, 

Since  the  operator  B  is  not  self-adjoint,  we  must  also  consider  the  ad- 
joint of  (I.l),  namely 


(1.2) 


It 


+  q(z)v  +  X(pv  +  V  )  =  0, 


where  v(o)  =  t(i)  =  0.  Let  u  (x)  and  v  (x)  he  the  eigenf unctions  of  (I.l)  and 


n 


(I, 2)  respectively,  corresponding  to  the  eigenvalue  \  .   It  is  well  known  that 


/ 


uBvdx  =  0,   nj^m, 
n   m       '     ' 


We  normalize  the  solutions  so  that 


/ 


1    » 
u  B  V  dx 
n   n 


=  1, 


Then  we  prove  the  following  theorem: 

Let  q(x)  be  continuous  end  p(x)  be  such  that  the  second  derivative 
exists  and  is  continuous.  If  f (x)  is  of  bounded  variation  in  (0,l)  and  if 


(1.3) 

then  the  series 
(I.M 

where 


F(o+)  +  eip 


t 


p  dt 


F(l-)  =  0. 


TL  w(^)' 


a„  =  /   F(t)(pv  +  v)dt, 

0 


converges  to  g  [i'^?-  "*•  O)  +  f(x-0)J.   If  f(x)  does  not  satisfy  the  condition  (1. 3) 
then  the  series  (I.^i)  converges  to 

g(x)  =  I  mx  +  O)  +  7{x-0)\-   c  exp 


pdt 
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where  c  la 


I  J  P(0+)  +  F(l. 


ErpanRiort  Theorem 

In  this  section  we  first  derive  en  orthogonality  relationship  which  will 
indicate  the  form  of  the  expansion  If  it  exists;  then  we  derive  a  contour  integral 


representation  for  the  expansion 

i' 
"2 


2 

A  ♦        * 

Denote  the  operator  — r  +  q(i)  "by  A, and  its  adjoint  hy  A  ;  A  =  A  . 


dx 

d  d       ♦ 

Denote  the  operator  p  -  r—  by  B  and  its  adjoint,  p  +  —  ,  hy  B  »  We  shall  now 

derive  the  orthogonality  relationship 

(1)  /  u^(i)  fp(x)T^(x)  +  v^(x)J<ix  =  0,     f or  m  ?t  n  . 


We  "begin  with  the  differential  equations 
(2)  uj+   q(x)u^  +  \^(p(x)u^  -  u^)     =     0.        or      (A  +  X^B)u^     =     0, 


(3)  ^:a*   '^^"'K^K^^^^K^^'m^     =      °»        °^      (^  +  X^B   )v^  =     0. 

Multiplying  (2)  and  (3)  by  v  (x)  and  u  (x)  respectively,  we  obtain 

(h)  u^'  U)v^(x)  +  q(x)u^(x)v^(x)  +  \^p(x)u^(x)v^(x)  -  X^u^(x)v^(x)  =  0  . 

^^^      %  (^)u^U)  +  q(x)v^(x)u^(x)  +  X^(x)v^(x)u^(x)  +  ^r^Mn^ix)     =  0  . 

Subtracting  (^)  from  (5)  we  have 
(6)   u^"(x)v^(x)  -  v;(x)u^(x)  -K  (X^-  X^)p(x)u^(x)v^(x)  -  V;(x)v^(x)  -X^v;(x)u^(x)  =  0  . 

which  can  be  written  in  the  form 


If  (7)  iB  integrated  over  the  interval  (0,1),  it  becomes 


■^  K-K^ I  vi^K^^^i^)^  =  0  . 


By  an  integration  "by  parts  it  follows  that 

/ol  . 


(9) 


-  \  /  u  (x)v  (x)di 
n /   n^   m^  ' 


=  -  Wn^->^a.(^^]o  -/  ^^"^"^"M   • 


Therefore   (8)  TsecoiceB 

(10)        [v^(x)u;(x)  -  u^(x)v;(x)^ 


-  \ 


,[%<'''«<^'' 


1         r       .  * 

+  \     /     u   (x)v    (x)dx 
o  Vo        "  "^ 


(11) 


Imposing  the  boundery  conditions  u(l)  =  u(0)  =  t(i)  =  t(o)  =  0,  we  find 
{k  -  \   )  /    u  (x)r\x)±K.+   (\  -  \  )  /  p(x)u  (x)v^(x)dx  =  0  . 


n   m  /    n    m 
'o 


n   m 


n    m 


Combining  the  two  integrals  in  (11)  we  obtain 

(12)         V^'m^/^n^^^  (P(^)^m^^>  *  ^(=^0  ^     =     ^     * 


from  which  the  desired  orthogonality  relationship  (l)  follows. 
Now  assume  an  eigenfunction  expansion  exists,  and  let 
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Then 


XL  n 
n 


[p(x)v^(i)  +  v^(x)]   F(x)     =    Ila^u^(x)   [p(x)v^U)  +  v^(x)]    . 

n 

As  a  consequence  of   (  1  )  we  have 

(13)    y  %(x)   [p(x)v^(x)  *  v>)]dx    =     B^J     u^(x)   [p(x)vjx)  +  v^(x)]dx     . 

Hence,  we  obtain  _ 

r  .  .  t-  «  .T 

dx 


We  derive  now  a  f ormale     for  the  Vronskian  of  the  differential  equation 

(15)  u    +  q(x>a  +  X(pu  -  u  )     =     0.  * 

I«t  u_   and  u«  "be  two  fiindamental  solutions  of  this  equation.     We  have 

(16)  u^  +  qu^  +  X(pu^  -  u^)     =     0 

(l?)  Ug  ■»•  qug  +  \(pu2  -  ^^g)     =     0. 

Miatiplying  (l6)  by  u-  and  (l?)  "by  u.  and  then  subtracting  we  obtain 

which  can  be  written  in  the  form 

-  (u^  U2  -  U2  u^)  =  X  (u^  Ug  -  U2  u^)  . 
Consequently,  the  Wronskisn  is  given  by 
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U) 


(x)  =  UgU-  -  u^Ti,  =  C(\)  e 


Let  u- (x)  and  vu(x)  "be  solutions  of  (l5)t  and  let  v  (z)  and  v^U)  "be 
solutions  of  the  adjoint  eqoiation 


(18) 


V  +  (iWh  +  X(pv  +  V  )  =  0  . 


Consider  the  evaluation  by  residues  of  the  integral 


"/^     F(i)^(^)v    (^)+t'(^)) 

'    m —  — 

^F(^)(p(^)v3(^)4v^(^)) 


(^9)  2^/^      /  ^        C(^) ^— ^       V-^^^ 

o 


2TTi 


Zni 


•I 

z 


cTxl u^U)d£. 

U^U)[p(^).V;tC^W^(^)] 


"cTxT 


U^U)[p(£.)v^(£^)+7^(£.)] 


cXx) 


dX    /      d^ 


d\    I       d^    . 


For  \  =  \  the  Wronskian  vanishes,  and  hence  the  function  G(\)  has  zeros.  We 


iriay  therefore  write 
(20) 


2TTi 


/     u„(x)fp(^)v-(^)  +  v'(S,)] 

/  ^-'— ^fo — — 


dX 


=    Eii2^^'^n^ 


[p(£.)v.,^(£..\^)  -^  ^i^^A^)] 


C    (\    ) 


and 
(21) 


2TTi 


-    IZ^(x,X^) 


[p(^)v2(i>)  +  V2(^)] 
u-(x)      7rrr\ ~ d\ 


COT 

[p(^)v2(^.X,)^v;(^.X,)] 


C    (X    ) 

n 
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where  the  integrals  have  heen  erat'oated  by  means  of  their  residues  at  the  zeros 
of  C(X). 

The  vanishiijg  of  the  Wronskian  implies  that 


^ 


(x)   =  k(\)u^(x) 


kOJ 


t 


Using  the  relation  above  we  rewrite  (21 )  as 

A      r  p(fc)v, (&,\  )  +  v, (&,x ) 

(22)   Ek(X  hp(x.X  )  /  F(^)  ^.j S 1 n_   ^ 

^  2    n  y  C  (X  )k(X  ) 


n    n 


d^ 


^  L  ^  J 


d^ 


Using  (20)  and  (22)  and  comhining  the  two  integrals  we  obtain  the  desired  ex- 
pansion of  (19 )t  namely. 


(23) 


rl  r  p(£.)v.  (&.X^)  +  V,  (i,A  ) 


d^ 


Using  the  relations  obtained  from  the  vanishing  of   the  Wronskian  we  may  write 
(23)  se 


(20       n^^ix^x^)    f  n^)  I 


p(i,)v^(i,A   )  +  T_(^,X^) 
^ j-^^ 2 a«     ^    it. 
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Asymptotic  Evaluations 

In  this  section  asymptotic  forms  will  te  derived  for  the  quantities 
u^,  VL^,   C(X),  pv^  +  v^,  end  pv-  +  v^  ^^^.tch  appear  in  (l9).  These  forms  will 
he  used  in  the  section  following  this  to  show  that  the  value  of  the  integral 
(19)  taken  over  a  large  contoxir  in  the  X  plane  is  F(z)  in  the  interval  0  <  x  <  1» 
if  F(x)  satisfies  certain  conditions. 

In  equation  (I6)  we  make  the  substitution  u.  =  e   '   w  .  Then  (16) 
hecomes 


w"  +  (q  +  Xp  -  ^  )  w^  =   0 


V^rite  this  es  follows: 

(35)    w;.[i(x.2p)^.er  *  ^'' 


■*      (\-?p)2 . 


w  =  •• 

1 


II       I 

'         ^-^f   (.-2p)^  \ 


w  =  -g(x)w  , 


Note  that  g(x)  is  "bounded  as  |xl  -*  00. 

It  can  nov;  he  easily  verified  that  the  solution  of  (25)  satisifies  the 


equa 


2  sinhi  /  (\/2  -  p(t))dt  . 

(26)   w,  = 


w^(0)  =  0, 


2  sinh  J  /  (x/2  -  p(t))dtl  g(  5>>rf^(£)d^ 


J\-2pU)  yx-2p(&) 


w^(0)  =  1, 


In  (26)  we  make  the  substitution  w.  = 
X.  Then  we  ©"btsin 


exp 


[Hx/2] 


Z^(x),  where  cr  is   the  real  part  of 


Z^(x) 


X  Jexp  -  ^(lcrl-X)x  -  /  p(t)dt  -  exp  -  ^i\<r\+   X)x  +  /  p(t)dt 


yx-2p(x) 


7X-2p(0) 


-^(|cr|-x)(x-^)- /  pdt 
7>^-2p(x) 


-  exp 


-i(|o-|  +  X)(x-5,)+ 


■A 


e(^)z,  (^dfe. 


7x-2p(&) 


„o_ 


How 


V\-2p(x)    7X-2p(0) 


and 


7X-2p(x}    7X-2p(£,) 


are  "both  "boTinded  as     X    — ^  oo 


"by  some  constant  C   ,  say.     Also 


end 


ejip 


e3cp 


[-  ^(lcrl-X)G^^)  -  y    Pdt]  -  exp[-  |(kKx)U-.i,)  +  j^  pdt] 
[.  i(|(r|-x)  X  -    /"  pdt]  -  oxp  [-  ^(Icr  l+x)  I  +    /     pdt]   I 


axe  otviously  bounded  "by  some  constant  C    ,   say,     Con3eq_Tiently 


IV-^I^V2*     -^ 


|g(^)l    lz^(^)l  d^       . 


Let  P-  "be  the  majcimum  value  of  Z   (x)  in  the  interval  0  <  x  <  1.      Then 

C  C  /^ 

^^0^0^+     -^    V.       /       IgC*^)!   dS,        . 


and  hence 


V-<. 


V2 


c  c 

ja    /     |g(^.)l  da. 


1  - 


T^ 


Therefore  n,  and  consequently  Z   (x)   is  "bo-'jnded  as    lx|— >  oo   , 

From   (26),  then, 

2sinh|   A     (|-p(t))dtl 
yt.  =      —         _    ^ 

^  7X-2p(x)      yx-2p(0) 

|exp[^(x-^)+i|cr'|^  -  ypdt]-exp[-^(x-5.)+^k  l^+^pdt]  .g(^)Z/£)d^ 

7X-2pU}  7X-2fC^) 


i 
X 


Now,   the  second  term  on  the  right-heJid  side  of  this  equation  is  equal  to 
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•  e-rp 


=     0 


[^kU] 


ezp[|-lcr|x 


exp 


iCx-lcrDCx-S)-/  pdt 


-exp 


-^{\+\o-\)U-^>f  pdtUg(S,)z^(s)d& 


X   yx-2p(x)  jK-2p{a,) 


Also 


(^^^[i^Try  V^::^W^ "'     =  x*°(i) 


and  therefore  we  have  in  the  interval  0  <  x  <  1 


2  sinh 


w   (x)     = 


IZiill!!!]  .  o(!f^) 


Similarlir  substitutiiig  u^  =  exp  ^(^-iMwg  i"^*©   (1?)  yields   the  eqiiation 


2  sinh  ^ 


/  (|-pt^))"] 


^  7\-2p(x)      7\-2p(0) 


2  sinh  J   /     ^  -  p(t))dtl  g(fe)w^(&)d^ 


7X-2p(x)  7X-2p(g7 


W2(l)     =     0, 


w^Cl)     =     1     . 


In  tills  cese  we  let  w^  = 


exp[(l-x)|a-|/2j 


Z  (r.),  and  "by  ar,eTjment3  essentially  the 


same  as  thor,e  previously  given  Z  (x)  can   easily  he  shown  to  he  ho-anded.  Finally, 
using     arguments  similar  to  those  given  for  w.  (x)^  we  ohtain 


w^Cx)  = 
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Now 


w  (t)  =  —      "-  cosh 


J\-2p{0) 


/(l-pCt)) 


yx-2p(x) 


cosh  J  /  (|-  p(t))dt 


L 


-N    2p'(z)8inh|y  (|-p(t))dt  I 


*»   2p  (x)6i?ih 
+ — — 


7?::^Tiy    (\-2pU))5/' 


k^(^)e(S)d^ 


exp  [lo-i^/g] 
Since  we  have  alrerdy  shown  that  w.  (^  = — r — — — 

ed,  it  is  quite  easy  to  show  that 


Z,  (^),  where  Z  (^'}  is  "bound- 


w  (x) 


>-2p(x) 
7\-2p(0) 


cosh 


Since 


V^-^*^  _     X  -  2d(x) 


y\-2p(0)     7X-2?  (rJ  yx-2p(0) 


X 


+  0  f  J-  ) 
X 


we  have 


Wj^(x)  = 


(X-2p)cosh  W  (I  -  p(t))d1 


4-   0 


expjrlcrixj 


By  similar  reasoning 

C\-2p)co3hJ/   (I- 


«2'=<'     ' 


Vi    ^^ 


^    .  0  fiSiiii!^ 


Usin£;  the  fact  that 


\ 


(x)     =     w^(x)  ejp[|^  +|exp[ix]  „_^(^ 


and 


UgU) 


=     w 


^(x)  exp[|(x-l)]  +  I  exp[|(x-l)]  w^U)      , 
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we  ottaln  for  Ke  \  >  0 

exp 


^ 


11^ 


^ 


^2 


L^-  /  pdtj  -.  exp[  /  pdt  ]        /  ^K^.  \ 

-. —  —  *  o(,—  ; 

p  [\(x-.l)  -  j[    pdtj  -  exp[^  pdt) 


°(t) 


exp 

(X-p)espj   ^^  -    J     pdt]   -  p  exp]      /     pdt]  /     \x  \ 

(\-p)exp!  X(x-l)  -     /    pdtj   -  p  exp]      /      pdtj  . 

\ *    °(x) 


Also,   the  Wronskien  «(x)  is  equal  to 

(X-p)exp[  \(2x-l)  -   ^J^    pdt  -  J^     pdtj  -   (K..p)exp[  X(x-l)  +  J   pdtj 


X^ 


-p  exp|_Xx  -     /     pdtj  +  p  exp|_  ^/pdt  +       /^  pdtj 
-.(X-p)exp  X(2x-l)- /pdt  -A  pdt     +   (X-p)erp  Xx  -  /  pdt 

p  exp[  X(x-l)  +     /    pdtj   -  p  exp[    /    pdt  +     /^  pdtj  /    Xx  \ 

^__j .  „  ^_^ 

(X-2p)  Jexp[  Xx  -     /    pdtj  -  exp]   X(x-l)  +    /     pdtj    >  /      Kx\ 

exp[  ^^  -  jI    pdtj   -  exp[  X(x-l)  -f  ^    pdtj  /  e  ^^ 


■    °  '   x^ 


Since  «u(x)     =     C(x)  e  ^*  ,  we  oljtein 
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exp 


C(X)     = 
Por  Re  \  <  0,  we  obtain 


[-/pdt]   -exp[-X^/  pdt] 


.    0/-I 


^ 


u. 


u. 


u. 


exp[xx  -/  pdt]   -  exp[/  pdtj       ^         /^^ 


{ 


exp     \Cx- 


(x-1)  ,/Vt]   -  expf/Vt]       ^     ^  /e^(^-^)^ 


(\-p)  ezp[xx  -J^    pdtj  -  p  exp[_^  pdtj 


*  °'r 


(\-p)  exp 


[\(x-l)  -^  pdt_  -  p  exi;[^  pdtj       /  \(x-l)\ 


For  Re  X  <  0  we  also  obtain,  by  en  argument  analogous  to  that  given  for  Re  X  >  0  , 


uj(x)     = 


exp 


[-/ 


pdt 


-  exp 


X(i-l)  + 


HA .  0 


X(x-l) 


and 


C(X)     = 


exp 


[-/pdtj  -exp[_-X-h/     pdtj 


-X 


+     0, 


Xx 

If  we  make  the  substitution  u(x)  =  e   t(x)  in  equation  (15)  we  obtain 

our  adjoint  differential  equation  (l8).  Consequently 

Vj^(x)   =  p(x)v^(x)  +  v^(x)  =  p(x)e'"  ^  u^(x)  +  e~   u^(x)  -  X  e~   u^(x) 


=  e 


-Xx 


(p(x)  -  X)  u^(i)  +  u^(x) 


How 


^ 


(x)  =  expf^l  w^(x)  . 


u^U) 


-  expf y-j  w^(x)  +  exp/'y)  w^(x) 


-IL^ 


and  therefore. 


V^U)  =  e  "^  I  (p(i)  -  |)  w^U)  +  w^  U) 


(p-^)w  +  w  = 

2  1   1    yx-2p(0) 


2p  (x)sinh 


cosh 


,y  (l-p(t))dt 


.  -  sinh  4 


y\-2p(0)   (\-2p(z))^/2 


X  2p  (^)alnh  , 


(|-  p(t))dtl  ► 


(S)g(fc)d4 


yX-2p(^)     (\-2p(x))^/' 


yx-2p(x) 
yx-2p(^) 


cosh  J   /  (|-p(t)) 


dt 


►  -  slnh. 


/'(|-p(t))dtljg(4)w,(^)d£> 


yxi^T;7    r^      /^^     i    2p-(x)sinh|  /  (|-p(t))dt 


yx-2p(o) 


exp 


2p  (^)  J exp 


[-r 


/  p(t)at   +  ^  ^- -ZTTX — "- 

S    J    V\-2p(e)   (\-2pU))3/2 


pdt  +  f  (la-|-\) 


y  \-2p(^)        (\  -  2p(x))3/^ 


VX-2p(x) 
X.VX-2p(fe) 


exp 


[-^^-/ 


pdt 


exp 


l(X+  la|) 


d(^)Z^(fe)dfe, 


It  is  evident  that  in  the  a"bove  equation,  the  expressions 


2p  (x)8inh  jy    |-  p(t)  dt 
7X-2p(0)     (X-2p(x))3/2 


and 
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2p  (S) 


v^h-j 


pdt  +  f(!o-|-\) 


-erp 


-2  ^  */  P*^*  *  l^l^'l*'^^  ■  g(^)2i(^)d^ 


are  i:!oth  at  least  of  order 


I'or  Re  X  >  0 


y\-2p(x) 
/^         X    y>-2p(&) 


X  yx-2p  (^) 

exp[|o'|x/2] 


(x-2pU))^/' 


exp 


-\^-^j[  pdt  esp[|  (X+H  )]  g(^)Z^(^)dfe 


=     0 


exp 


LSI 


/ 


e         d^ 


{*] 


..,^ 


exp 


while  for  He  X  <  0  this  espression  is  of  order 


[-  Xx/2] 


yx-2p(x) 

Using  the  fact  that  =  1  + 

^X-2p(0) 


0  (  r"  /•  ^'^  conclude  that 


V-j^(x) 

= 

exp  -Xx  + 

and 

V^(x) 

= 

ezp  -Xx  + 

We  have  also 

V2(x) 

= 

e-^^  UgU) 

and,  therefore, 

^2^^' 

= 

P^2  ■"  ^2 

+  01 


4-    0 


-\x 


-Xx 


*°';^. 


He  X  >  0   , 


Re  X  <  0     . 


=     e 


-Xx 


expr|(x-l)|  v^U)     =     exp[-  ^{x^l)^\t ^{t)   , 


exp[-  |(x*l)]  J(p  -  |)  w^Cx)  +  w^Cx)  I     . 


In  this  case  we  find  by  argxunents  similar  to  those  given  for  w, (x)   that  for  He  X  >  0 
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\it^{x)     =     exp 


-Xx  + 


J   p(t)dt 


+  0 


-\x 


and  for  Re  \  <  0, 


VgU)  =  exp  -Xx  +  /  p(t)dt 


+  0 


-\x 


-\ 


+  0 


\^' 


Proof  of  the  Expansion  Theorem 

We  have  already  seen  that  the  integral  (19 )t  talcen  over  a  contour  in  the 

X-plane  enclosing  the  eigenvalues  of  the  system  (A  +  \B)u  =  0,  u(0)  =  u(l)  =  0,  is 

equal  to  an  expansion  of  the  form  (23).  We  shall  now  show  that  this  integral, 

takren  over  a  circle  whose  radius  tends  to  infinity  in  the  X-plane  ,  tends  to 

F(x),  provided  F(x)  satisfies  certain  conditions.   It  is  evident  that  this  circle 

is  a  contour  of  the  sort  described  above. 

A  precise  statement  of  the  theorem  we  shall  prove  is  as  follows: 

Let  F(x)  be  a  function  of  bounded  variation  for  0  <  x  ^  1  and  let  u  (x) 

be  the  eij^ienfunctions  of  the  system  (A  ■¥   XB)u  =  0,  u(0)  =  u(l)  =  0.  where  A  is  the 

2  ^ 

operator  — -r    +  q (s)  ^nd  where  B  is  the  operator  -  t—  +  p (x ) •  Furthermore,  let 

dx 
V  (x)  be  the  ei|p:enfunction8  of  the  system  adjoint  to  (A  +  XB)u  =  0,  u(0)  =  u(l)  =  Q; 

and  let  C(X)e^^  be  the  Wronskian  of  the  equation  (A  ->•  XB)u  =  Q.   If 


(27) 

then  the  series 

(28) 


F(0+)  +  exp 


[-/V 


F(l-)  =  0, 


00        p' 
-00      »o 


r(^) 


p(^)v^(fe)  +  v^(<^J 


d^ 


converges  to  F(x)  at  every  point  where  F(x)  is  continuous  in  0  <  x  <  1»  At  all 
other  points  the  series  (28)  converges  to  j  F(x+0)  +  r-  F(x-O).   Xx'  F(x).  does 
not  satisfj^^  the^boundary  conditions  (27)i  then  the  series  (28)  converges  to 


^F(xfO)  +  5-F(x-0)  -  5-  .  e^q? 


f^' 


r(CH-)  +  exp 


-■  L 


-J"  pdt  r(i-) 


♦  V/e  require,  of  coijrse,  that  oar  contour  does  not  intersect  the  eigenvalues  of  the  systeu. 
Since  the  eigenvalues  are  discrete,  it  is  always  possible  to  choose  such  a  contoxir.   In 
fsct  from  the  form  of  C(\)  we  see  Vnat  the  large  eigenvalues  tend  to  X  =  2nTTi  +  "^^f     pdt; 

consequently  if  we  define  the  radius  of  o\:r  n   circle,  R  ,  as  (^[x  I  +  JX  +in/2,  then  for 

sufficiently  large  n  ovx   contour  will  not  intersect  any  eigenvalues.   In  this  r^anner  we 
obtain  our  desired  sequence  of  circles  with  radii  ter.dinf-  to  infiainty  as  n  ->oo. 
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Usin€  the  notation  of  the  previous  section  we  may  write  the  integral  (19) 
in  the  form 


2TT1 


Ugd) 
Denote  -3^ 


UpCx) 


■cT5J 


I     F(.5Vi 


(<^)dfcdX+ 2^5" 


«/■ 


F(^)v,(&)d&dX. 


/  F(^V  (fe)d^  "by  V(x,X),  and  denote  -J^  /  F(  ^VgC  ^)d^  by  ?i(x,\i 


For  Re  \  >  0  we  find  from  our  previously  developed  forms  that 

ko(?^) 


V(x,X)  =  .^ 


exp 


\(z-l)-^  pdtj-e3q)[^  pdtj- 


exj) 


^  pdtl  -exp  F-X*  A*  ■'"pdtj + 


■^  W  F(4)<jexp 


'4 
X^+  /  pdt 

0 


-X^ 


+0' 


♦  0^^)U 


It  is  quite  easily  seen  that  in  the  term 


(29) 


exp 


[x(x-l)  -  J^   pdtJ-  ezp[^  pdtj  *   O(j^) 


1  n 


exp  -  /  pdt 


-  exp 


-  X  +  A pdt 


*oCl) 


we  may  imrnedtately  pass  tc  the  licit  as  Ixl  ->oo,  since  this  limit  exists.  Also,  the  terms 


and 


F(a,)  0(  -^j  dX,   =  0/-^ 


hoth  can  he  seen  to  tend  to  zero  when  integrated  over  the  semi-circle  C^  for 
which  Re  X  >  0  and  whose  radius  tends  to  infinity.  Sir.;e  the  lindt  of  (29)  as 
lX|  -» 00  is  -exp  /  pdt I ,  we  conclude  that 


/  pdt  L  we 
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(30)    ^  I   vCx.Odx  =    ^ 


is: 


exp 


Y° 


IM 


-  \fe,   +     /  Pdt|   y(fe)d^cL\     . 


New 


dfe.  -  /      e' 


-Xfe;, 


•  exp 


/Vt      (P(0«-)  -  F(S)) 


dfe> 


Integrating  lay  parts ,  we  have 


F(Of)  /  e"^^exp 


v: 


pdt 


d^  =  I'(0+)< 


■-e:cp[-X  ^/'^dt] 


p(^)exp[-\  +/^t] 


dE, 


-\x 


=  '-^*  "V—J*  o[^ 


-Xs 


The  terms  0  1  ^  ,  ■  )  and  o/  -^  )  contribute  zero  when  integrated  over  the  contotir,  while 


F(04-) 


d\  =   /    i  F(0+)de  =  TT  i  F(Of)  . 


"2 


Since  F  is  of  bounded  variation  we  can  write  F(CH-)  -  P(^)  =  h(S)  -  k(^),  where 
h(^)  and  kCE,)  are  positive,  steadily  increasing,  and  tend  to  zero  as  ^  ->0.  We 
write  the  integral  from  0  to  x  as  the  sum  of  two  integrals: 


exp 


/'fdt||F(0+)-r(^)]d^  =  /  exp  -\^  +  yidtl  (h(^)  -  k(&))  d^ 


+  /    exp 
//X| 


[-X   *^?dt](. 


h(fe)  -  k(^))  d^ 
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Note  that  0  < 


yi^ 


<  X  as    \\\   -^00   . 


Now 


/    exp 

-  X£.  +  /    pdt 

h(^)dfe     =    0 

L 

L       '^o 

^ 

/ 


exp[-|x|x] 


y      IM 


+     0 


and  both  of  these  order  terms  integrated  over  C^  tend  to  zero.  By  the  second 


mean- value  theorem. 


Re  exp 


-x:^,  +  /  pdt 


h(^)d^     =     h(  — i-  1   Re/    exp 


-X^  +  /  pdt 


d4=  0 


<i/yiw| 

IM 


where  0  <  6  < 


yr^ 


Since  lim  h(.fe)  =  0,  we  see  that  this  order  term  tends  to  zero  when  integrated 

over  the  contour.  Similarly,  the  corresponding  terms  with  h(£>)  replaced  hy 
k(^)  tend  to  zero.  Using  these  results  together  with  equation  (30)  we  have 


gij-  /   Y(x,X)dX  =  -|F(C>f)exp 


/ 


pdt 


Ee  X  >  0 


V(x,X)  =  < 


Consider  V(x,X)  for  Ee  X  <  0.  We  have 

X(x-l) 
-erol  /  Ddtl+Ol- 


exp 


X(x-l)-  /pdt  -exp  /  pdt 


exp  -  /  pdt  -exp  -X  +  /  pdt  +o(® 


— .-_^v   W  F(^Vexp 


\'^*I^\*^) 


d£. 


Multiplying  the  numerator  and  denominator  of  the  term  in  braces  by  e  ,  factoring 

e   out  of  the  resulting  product  and  multiplying  the  integral  tera  by  e  ,  we  obtain 
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V(x,X)  = 


^  -/  pdt  -8ip\(i-x)+/  pdt]+o(^)     /^         r         p^-\  f\ix-h.)\ 

exp[x  -y^vtj-ezpr/'Vtj  +  o(i-)   y      i   l     ^   j  v     /[ 


Again,   since  Re  X.  <  0, 
eip 


lim 


[-</  P-^j-^^^ 


X(l-x)  -K^   pdt)   +   O(^) 


eacpfx  -  /^pdt  -exp ['/'■'■  pdt]  +  O(^) 


=     -  exp 


-/ 


pdt 


and 


P(&)  o| 


\(x-&) 


d&      =     0  H^l 


3  0  that 


2Tri 


V(i,X)dX     = 


-oxp 


[-/^P^*] 


2Tii 


d\ 


/    r(<S)e:q)  \(x-fe)  +  /  pdt  d<^ 


where  C^  is   the  semicircle  for  which  Ee  \  <  0  and  whose  radius  tends  to  infinity. 


Write 


/    F(^)eip  \(x-^)  +ypdt  d^      =     y(x-C)  / 
Ua  Jo 


X(x-^) 
e  exp 


/  pdt  dfe 


e^^^-^Kxp     /Idt     (F(x-O)-F(i^U     dfe      . 


Integrating  "by  parts  we   oljtain 


'(z-0)  /  e^^^-^^expiyfetld^     =     F(x-0)| 


X(x-^) 


-e  exp 


It^^] 


+  ^    /     p(S)e3qj 


|x(x-fe)  +/p<it| 


d^ 


^     -FU-0)e^[/  pdt]       ^      /^\    ^      /_^V       _ 
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The  terms  0|  -^ — j    ,  and  0/"*^i  tend  to  zero  integrated  over  the  contour,  while 


-F(x-0)exp[ /pdtj 


r   3t 


d\  =  -TTi  F(x-O)  exp 


I 

'-   0 


pdt 


We  again  make  \ise  of  the  ho-unded  variation  of  P  to  write  r(x-0)~F(€)  =/(^)-m(&), 
where  /.  (^)  and  m(S)  are  positive,  steadily  decreasing  and  tend  to  zero  as  &  tends 
to  X, 

Proceeding  as  before  we  write 


\(x-^) 
e  exp 


/Jtl    (f(x-0)-P(&))   d^     =     /  e'^'^^-^^eiqT/'Idtl     U(&)-=iCfe)j     d^ 


X- 


J^\ 


exp     /  pdt 


i(^ )-:=(£,))  d^ 


■^ 


*>/i%i 


( S)    d^  . 


In  this  case 


/ 


\(x-5.) 

e  exp 


and  both  of  these  order  terms  tend  to  zero  when  integrated  over  the  contour,  while 
"by  the  second  mean  value  theorem,  this  time  applied  to  a  monotonic  decreasing  func- 
tion, we  obtain 

espl 


\(x-E,) 

e  exp 


X- 


^ 


/tat] 


i(4)d^=  0 


^; 


Since  ^(^)  tends  to  zero  as  &  tends  to  x,the  above  order  term  also  tends  to 
zero  upon  integration  over  C™.  Consequently,  we  have 
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-exp 


2Tn      /        ^(^.^)<i'^=  ZTTi 


\rfo^^^        f    -^(^-0)e^L/  P" 


dX  =  |r(x-0)  (Ee  \  <  0). 


Combining  our  results  for  Re  \  >  0  and  Ee  \  <  0,  we  obtain 


(31) 


2tt1 


V(x,>.)dX     =     -  |-F((>f)exp 


r     X       ~ 

r 


+  |r(i  -  0)      . 


Consider  now  -^-r    ^0(x,X)dX,  From  our  previously  developed  forma  we  obtain  for  Ee  \  >  0 


esq) 


[xx-^  pdtj-esp  lj[  pdtjH-O 


Xx 


expj-  /  pdtUcxpj-X+  /] 


pdt1+o(i-)     [ 


F(4)^ 


exp 


^    StH'     " 


-x&  *  A^*|*°("^r"'  ^  *^* 


Xx 


Factoring  e    out  of  the  term  In  brackets  and  cor.blnin^-  it  in  the  integral  tern 

we  obtain 

r  T 

_  T       -1  -  T       - 

1 


^(x.X)  =  , 


exp[-y  pdtJ-ezpJ-Xst  /  pdtj+0(j) 


fM' 


X-\+  Adtl-f  o{h 


exp  I  -  /  -pdt  I  -exp  j-X+  /  pdt  l      - ,    , 


►    /  F(fe)^exp 


XU-^)+  /pdt  +0 


\U'^y 


Since  Ee  X  >  0,        r         ^        x 

1   !^ 
j— >oo    I    exp  I- 


[-/pdtJ-exp[-Xrf/pdtJ  ^  O(^) 
lxT->oo    1    expF-  A)dtl-expr-X+  Adtl  +  O(J-) 


S  =  exp 


1   -1 
pdt 


Lrx 


d^. 


and 


F(^)  0 


.X(x-^) 


dfc,  = 


2 


we  conclude  that 


2Tri 


^(x,X)dX  = 


exp 


i/pdtj 


2ti1 


F(fe)exp 


x(x-fe)  +  y^pdt 


d^dX. 


-2> 


Procerding  as  before  we  write 


/  Vi^)exp\\U-^h-  f 


pdt  dfe 


=     F(r*-0)  /       e^^^^^  erpl  /'%it 


v: 


ds 


-/r 


x(x-4>»-/pdt    (^(x+o)-r(^)) 


d& 


and  again  integrating  "by  parts,  we  obtain 
.1 


F(xfO)  /'    e'^^^-^^xpT  /pdtldfe,     =     F(:d-0)^ 


'•]■ 


-e 


\U-5) 


exp 


[#^] 


^/- 


+  f    /  p(^)c::q3  \(x-fe)+  /pdt  dfe. 
■x  1        -^ 


F(z+0)exp 


L/y.o 


■Again  by  argiments  the  same  as  those  ^iven  twice  before  •  the  last  two  order  terms 
both  tend  to  zero  when  integrated  over  the  contour.   If  we  write 


/e2pk(r-fe)+  /pdt   6'(3+0)-r(^Mfe,  =  /  exp 


1 


\(x-fe)+  Apdt  (F(r*-0)-y(^))  d^ 
1    -' 


1 
■/  exp  X(x-fe)+  /pdt  6'(x+0)-F(^))  dfe. 


then  by  argtunents  essentially  the  same  as  those  given  for  the  corresponding  term 
in  V(x,X)  the  inte^rpls  above  tend  to  zero  when  integrated  over  the  contour.  Hence 
we  have 
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2^    /    0U,X)dX  = 


exp[^  pdtj 


U.x)  = 


'1  -"1 

For  Re  \  <  0  we  obtain 

^   I  exp  [xx-  /  ""pdt]  -exp  [/  ""pdtjf 0  jp 
exp  L  /*Vtl-cxp  P\+  /'■'•  pdtl+o(^ 


F(rfO)erp    ^^  pdtJ 

2TTi  / X ^  =  2  ^^^'^^^^  (Re  X  >  0)    . 

C, 


.  /    r(5)Jexp 


■fe. . I     _/ a" 


-X*.^^t]*of2l-Uo 


""-^1  !.  fe. 


^faltiplying  the  denominator  of  the  term  in  traces  and  the  integral  term  "by  e     we 
obtain 


^(x.X)  = 


p[>oc-/pdt]-ezp[/pdt].KO(^) 
expfx-  /"pdtl-expf /°pdtl+0(^) 


F(.fe)< 


exp 


.(l-^)+/^t 


«,2!±^j,o(i| 


U^. 


Since 


lim 
IxUoo 


exp  > 


Xx-y     pdtj-e3qplx+  /    pdt  +0(^) 
expTx-  Z'   pdtj-expr/^   pdt  +0(^) 


k      =     exp 


./'pdt 


Si^)   0 


X(l-^) 


d^     =     0/4-. 


2 


and 


F(fe)  o[~|  d^     =     0 


/i 


V" 


we  have 


^    /    ^(x,\)dX     = 


2TTi 


2TTi 


S'(.fe)exp 


X(l-^)  + 


/^'. 


d^dX  . 


C^-x 
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Again  write 


/' 


P(  ^)e:qp 


\(l-fe)  +  /  pdt 


/' 


-I 


dS     =     P(l-)  /     e^^^-^^  exp 


"^Idtjd^ 


e   ^         'exp 


/&t     (^(l-)-F(S)) 


dS 


Integrating  by  parts  we  obtain 


F(l-)/^<^-' 


esp 


/^' 


d^=  P(l-), 


■-=^(l-'^Je^[^t] 


+  j^/  p(^)e^ 


\(i-^)+y' 


pdt 


d^ 


,   -^.o(4^|.o(i 


As  "before,   tiie  last  two  order  terms   tend  to  zero  when  integrated  over  the  conto\ir, 
as  well  as   the   integrals 


X(l-^) 
e  'exp 


/ 


pdt 


'F(i-)-y($)  d&  = 


^-(a\  ^ 


exp 


x(i-  >/'|dtl(r(i-)-F(^i)dfe, 


Bi-UB  we  have 


^     I    ^(x,X)dX  = 


-exp 


[-iV 


2Tti 


Eii-lax    =    -le^ 


-  /  pdt 

t/x 


F(l-),    (Re  \  <  0). 


Combining  the  results  for  Re  \  >  0  and  for  Re  X  <  0,  we  obtain 


(32) 


^f    H^*^)^>'    =     |r(x+  0)  -  jexp    -/  P<i* 


r(i-) 
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Jrom(3l)  and   (32)  we  obtain 


+ 


(33)  5zr 


v(x,x)(i\  +  2rtrr  ^(^•^^'^ 


=   |r(i-o)  +  |f(x  +  0) 


1 

2  eip 


[/ 


X 

pdt 


ir(Of)  -  5-exp 


pdt 


r(i-). 


But  we  have  already  shown  from  otir  residue  expansion  given  on  page  7  that  (33)  is  equal  to 

.1     r I 


00 

z: 

-00 


JZ  ^i^^\)  /  y(S) 


I 


p(^)v.(i;,x„)  +  Tt(^.^„) 

1    n    1    n 


00 

n 

-00 


n   u^(x,xj /r(fe) 


,   ds 

p(^)v2(^.\j^)  +  ^z^&'K^^ 


C  (\  ) 

n 


n 


We  have,  therefore , 

00       p^  rp(Si)v  (S)  +  t'(S)^ 

(3^)  n  u  (x)  /  r(  &)  J  S_^ S 

-00  -   /  C  (XJ 


dfe. 


I  r(x-o)  +  I  F(ifo)  -  I 


exp 


/^ 


pdt 


jr(x-O)  +  |-r(x4-0)  -  I  exp  /  pdt 


r(Of)  +  exp 


r(0+)  +  exp 


{-/^" 


'-/ 


1 

pdt 


r(i-)  I 


r(i-) 


Hence,  if  the  boundary  condition  (2?)  is  satisfied,  (3^)  converges  to  j  ^(3=^-0)+^  F(»fO). 

If  F(x)  is  continuous,  then  P(x-O)  =  P(x4-0)  and  we  have 

4'  From  the  nature  of  the  order  terms  and  the  fact  that  no  singularities  occur  on  the 
Contour  we  see  at  once  that  we  need  only  consider  the  cases  He  X  >  0  and  Ee  X  <  0. 
To  be  precise  we  imagine  our  circle  in  the  X  plejie  to  be  made  up  of  6  parts: 

-|-  <  arg  X  <-^  +  €,-|--i-  €^argX<|-  c,  ^-   c<argX^^,  ^<argX^j+  e, 

|-+  €^argX^-|-  e,  and-|-  e<argX^-|-  (where  e  >  O).  We  have  shown 

that  as  €  ->0,  the  integrals  taken  over  those  parts  of  the  contour  which  tend  to 
C-  and  C„  tend  to  our  desired  result.  The  integrals  over  the  reclining  parts  of 

the  contour  certainly  tend  to  zero  as  €  •♦•  0,  since  the  order  terns  are  the  same  as 
in  the  corresponding  cases  we  have  considered,  and  they  also  tend  to  zero  over  the 
parts  of  the  cohtour  that  we  have  not  considered.  The  contributing  terms  in  each 
case  are  of  order  Be,  where  B  is  a  boiinded  function  and  hence  these  terms  tend  to 
zero  as  €  4  0. 
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n  u  (x)  /  r(^)  » 


-00 


C  (X^) 


d^  =  r(x) 


finally,  since  C  (\  )  is  a  constent  for  each,  value  of  n,  we  may  define 


"     =  ^n(^>   • 


C  (X^) 


from  which  it  follows  that 


▼  (S) 


C  (X^) 


=  7  (^),  end  consequently 


F(x)  =  ZL    u^(x)  /"  1(5)  (p(fe)V^(^)  +  V^(S))d^ 


which  is  the  form  of  the  expansion  indicated  in  the  Introduction[eq.,  (I,4)J  , 
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